We establish a homology relation for the Deligne-Mumford moduli spaces of real curves which lifts to a WDVV-type relation for real Gromov-Witten invariants of real symplectic manifolds; we also obtain a vanishing theorem for these invariants. For many real symplectic manifolds, these results reduce all genus 0 real invariants with conjugate pairs of constraints to genus 0 invariants with a single conjugate pair of constraints. In particular, we give a complete recursion for counts of real rational curves in odd-dimensional projective spaces with conjugate pairs of constraints and specify all cases when they are nonzero and thus provide non-trivial lower bounds in high-dimensional real algebraic geometry. We also show that the real invariants of the three-dimensional projective space with conjugate point constraints are congruent to their complex analogues modulo 4.
Invariant signed counts of real rational curves with point constraints in real surfaces and in many real threefolds are defined in [30] and [31] , respectively. An approach to interpreting these counts in the style of Gromov-Witten theory, i.e. as counts of parametrizations of such curves, is presented in [4, 27] . Signed counts of real curves with conjugate pairs of arbitrary (not necessarily point) constraints in arbitrary dimensions are defined in [11] and extended to more general settings in [5] . Two different WDVV-type relations for the real Gromov-Witten invariants of real surfaces as defined in [4, 27] , along with the ideas behind them, are stated in [28] ; they yield complete recursions for counts of real rational curves in P 2 as defined in [30] . Other recursions for counts of real curves in some real surfaces have since been established by completely different methods in [9, 2, 18, 19] .
In this paper, we establish a homology relation between geometric classes on the Deligne-Mumford moduli space RM 0,3 of real genus 0 curves with 3 conjugate pairs of marked points and use it to obtain a WDVV-type relation for the real Gromov-Witten invariants of [11, 5] ; see Proposition 3.3 and Theorem 2.2. This relation yields a complete recursion for counts of real rational curves with conjugate pairs of arbitrary constraints in P 2n´1 ; see Theorem 1.2 and Corollary 1.3. It is sufficiently simple to characterize the cases when these invariants are nonzero and thus the existence of real rational curves passing through specified types of constraints is guaranteed; see Corollary 1.4. We also show that the real genus 0 Gromov-Witten invariants of P 3 with conjugate pairs of point constraints are congruent to their complex analogues modulo 4, as expected for the real curve counts of [30, 31] , and that this congruence does not persist in higher dimensions or with other types of constraints; see Corollary 1.5 and the paragraph right after it.
Each odd-dimensional projective space P 2n´1 has two standard anti-holomorphic involutions (automorphisms of order 2): τ 2n : P 2n´1 ÝÑ P 2n´1 , rz 1 , . . . , z 2n s ÝÑ rz 2 ,z 1 , . . . ,z 2n ,z 2n´1 s, (1.1) η 2n : P 2n´1 ÝÑ P 2n´1 , rz 1 , . . . , z 2n s ÝÑ r´z 2 ,z 1 , . . . ,´z 2n ,z 2n´1 s.
(1.
2)
The fixed locus of the first involution is RP 2n´1 , while the fixed locus of the second involution is empty. Let τ " τ 2 , η " η 2 : P 1 ÝÑ P 1 .
For φ " τ 2n , η 2n and c " τ, η, a map u : P 1 ÝÑ P 2n´1 is pφ, cq-real if u˝c " φ˝u. For k P Z ě0 , a k-marked pφ, cq-real map is a tuple`u , pz 1 , cpz 1 qq, . . . , pz k , cpz k qq˘, where z 1 , cpz 1 q, . . . , z k , cpz k q P P 1 are distinct points and u is a pφ, cq-real map. Such a tuple is c-equivalent to another k-marked pφ, cq-real map is orientable and has no boundary; see [5, Theorem 1.6 ].
The glued compactified moduli spaces come with natural evaluation maps ev i : M 0,k pP 2n´1 , dq φ ÝÑ P 2n´1 , " pz 1 , cpz 1 qq, . . . , pz k , cpz k qq, u ‰ ÝÑ upz i q.
Thus, for c 1 , . . . , c k P Z`, we define xc 1 , . . . , c k y
where H P H 2 pP 2n´1 q is the hyperplane class. For dimensional reasons, Similarly to [26, Lemma 10 .1], the numbers (1.4) are enumerative counts of real curves in P 2n´1 , i.e. of curves preserved by φ, but now with some sign. They satisfy the usual divisor relation [20, Section 26.3] .
By [5, Theorem 1.8] , the numbers (1.4) with φ " τ 2n , η 2n vanish if either d or any c i is even; see also [5 the sign depends on the orientations of M 0,k pP 2n´1 , dq τ 2n and M 0,k pP 2n´1 , dq η 2n . Systems of such orientations, compatible with the recursion of Theorem 1.2 for P 2n´1 and the WDVV-type relation of Theorem 2.2 for more general real symplectic manifolds, are described in Section 2. They ensure a fixed sign in (1.6) and can be specified by choosing the sign of the d " 1 numbers in (1.4).
Remark 1.1. The orientations for the τ 4n´1 and η 4n´1 moduli spaces are determined by a spin structure on RP 4n´1 and a real square root of the canonical line bundle K P 4n´1 of P 4n´1 , respectively. On the other hand, RP 4n`1 does not admit a spin structure, while K P 4n`1 does not admit a real square root. A relatively spin structure on RP 4n`1 does not provide a system of orientations compatible with the recursion of Theorem 1.2, because such a system is not compatible with smoothing a conjugate pair of nodes, as needed for the statement of Lemma 5.2; see Remark 2.6 for more details.
For any d, c 1 , . . . , c k P Z`, let
where M 0,k pP 2n´1 , dq is the usual moduli space of stable (complex) k-marked genus 0 degree d holomorphic maps to P 2n´1 , denote the (complex) genus 0 Gromov-Witten invariants of P 2n´1 ; they are computed in [26, Theorem 10.4] . Finally, if c 1 , . . . , c k P Z and I Ă t1, . . . , ku, let c I denote a tuple with the entries c i with i P I, in some order. 2 |I|@ 2c, c 1 , c I , 2i
2c, c 2 , c I , 2i The formula of Theorem 1.2, which is a special case of Theorem 2.2, can be seen as a real version of [23, Theorem 1] . It immediately implies the recursion of Corollary 1.3, which in turn determines all numbers xc 1 , c 2 , . . . , c k y φ d , with φ " τ 2n , η 2n , from the single number
, i.e. the number of φ-real lines through a non-real point in P 2n´1 . The absolute value of this number is of course 1, and we can choose a system of orientations so that
whenever c 1 , . . . , c k P Z`are odd and c 1`. . .`c k " 2n´2`k. Some other numbers obtained from Corollary 1.3 are shown in Tables 1 and 2 ; the degree 3 and 5 numbers in the former agree with [5] . Corollary 1.4 is deduced from Corollary 1.3 in Section 7.
In the case P 2n´1 " P 3 , the only interesting non-real constraints for the real genus 0 counts are points. Let
be the number of degree d real rational curves through d non-real points in P 3 counted with sign; by Corollary 1.4 (2) , N R d is well-defined even if d P 2Z. Denote by
the number of degree d (complex) rational curves through 2d points in P 3 and the number of degree d rational curves through 2 lines and 2d´1 points in P 3 , respectively. The next corollary is also obtained in Section 7.
where -4 denotes the congruence modulo 4.
The procedures of [31] , [4, 27] , and [11, 5] for determining the sign of each real curve passing through a specified real collection of constraints in P 3 are very different and depend on some global choices. The latter affect the signs of all curves of a fixed degree in the same way, and so the real counts in each degree are determined up to an overall sign by all three procedures. In the case of conjugate pairs of point constraints and odd-degree curves (the intersection of the three settings), the three procedures yield the same count, up to a sign in each degree. The analogues of the second statement of Corollary 1.5 for counts of real rational curves with real point constraints in real del Pezzo surfaces as defined in [30] are proved in [18, 19] . By [3, Proposition 3] and [3, Theorem 2] , the analogue of this statement for real point constraints in P 3 holds with the sign modification in (1.7). This suggests that it would be natural to modify the signs of [31] as in (1.7); by [3, Theorem 2] , such a modification would also ensure the positivity of counts of rational curves with real point constraints (but not with conjugate pairs of point constraints, as Table 1 shows). On the other hand, the second statement of Corollary 1.5 does not extend to more general constraints in P 3 (it fails for d " 1 with two conjugate pairs of line constraints) or to P 2n´1 with n ě 3 (according to Table 2 ).
The numbers (1.4) count real curves passing through specified constraints with signs and thus provide lower bounds for the actual numbers of such curves. There are indications that these bounds are often sharp. For example, for d, m P Z`with d odd and m " 1 if d ě 5, there are configurations of d´m conjugate pairs of points and 2m conjugate pairs of lines in P 3 so that there are no real curves passing through them; see [21, Examples 12, 17, 18] . In light of the recursion of Corollary 1.5 and (7.1), [21, Proposition 3] , which relates the numbers N R d to counts of real curves in P 1ˆP1 , may be opening a way for a combinatorial proof that the numbers N R d provide sharp lower bounds for d R 2Z (if this is indeed the case).
The basic case (smallest k) of the analogue of Theorem 1.2 in complex Gromov-Witten theory is equivalent to the associativity of the quantum product on the cohomology of the manifold; see [26, Theorem 8.1] . The basic case of Theorem 2.2 is similarly equivalent to a property of the quantum product of a real symplectic manifold; see Section 7. Theorem 1.2 is a special case of Theorem 2.2, which provides a WDVV-type relation for real Gromov-Witten invariants of real symplectic manifolds. In the next two paragraphs, we outline the two proofs of Theorem 2.2 appearing in this paper. While the first approach requires some preparation, it is more natural from the point of view of real Gromov-Witten theory. In [15] , we describe a third proof of Theorem 1.2, which can be extended to some other cases of Theorem 2.2.
The WDVV relation for complex Gromov-Witten theory obtained in [22, 26] is a fairly direct consequence of a C-codimension 1 relation on the Deligne-Mumford moduli space M 0,4 of complex genus 0 curves with 4 marked points. According to this relation, the homology classes represented by two different nodal curves, e.g. r1, 0s and r1, 1s in Figure 1 , are the same and thus topologically defined counts of morphisms from these two types of domains into an almost Kahler manifold are the same. As this relation simply states that two points in M 0,4 represent the same homology class, it is an immediate consequence of the connectedness of M 0,4 . The WDVV-type relation of Theorem 2.2 is a fairly direct consequence of an R-codimension 2 relation on the three-dimensional Deligne-Mumford moduli space RM 0,3 of real genus 0 curves with 3 conjugate pairs of marked points which we establish in Section 3 through a detailed topological description of RM 0,3 ; see Proposition 3.3 and its proof. According to this relation, the (relative) homology classes represented by two different, two-nodal degenerations of real curves are the same and thus topologically defined counts of morphisms from these two types of domains into a real almost Kahler manifold are the same; see Corollary 4.1. This relation, for both curves and maps, is illustrated in Figure 2 , where the vertical line represents the irreducible component of the curve preserved by the involution and the two horizontal lines represent the components interchanged by the involution. In a sense, the situation with our recursion is analogous to the situation with the C-codimension 2 recursion of [16, Lemma 1.1] on M 1,4 , which had to be discovered and established before it could be applied to complex genus 1 Gromov-Witten invariants.
In Section 6, we give an alternative proof of Theorem 2.2, which bypasses Proposition 3.3. We pull back the usual relation on M 0,4 by the forgetful morphism f 0120 which keeps the marked points z 0 , z 1 , z 2 along with the conjugate of z 0 ; see (6.1) and (6.2). In the proof of [26, Theorem 10.4], a nodal element of M 0,4 is a regular value of a similar map and all of its preimages are of the same type and contribute`1 each to the relevant count; the situation with the proof of Corollary 4.1 from Proposition 3.3 is analogous. In contrast, a nodal element of M 0,4 is not a regular value of f 0120 and its preimages can be of four types, as indicated in Figures 6 and 7; they are morphisms from either a three-component domain or from a two-component domain. The contribution of each three-component morphism to the relevant count (6.2) is no longer necessarily`1; see Lemma 6.1. The stratum of two-component morphisms is not even 0-dimensional, but we show through a topological analysis that it does not contribute to the count; see Lemma 6.2.
r1, 0s r1, 1s
In real Gromov-Witten theory, signs of various contributions are generally a delicate issue. It shows up explicitly in the above description of the second approach, but is hidden in the first approach. 
Main theorems
The formula of Theorem 1.2 is fundamentally a relation between real genus 0 GW-invariants; it is a special case of the relation of Theorem 2.2 for real symplectic manifolds. The latter implies that the real invariants of at least some real symplectic manifolds are essentially independent of the involution φ; see Corollary 2.4. Likewise, the vanishing of the numbers xc 1 , . . . , c k y φ d with c i˚P 2Z for some i˚, established in [5, Section A.5] using the Equivariant Localization Theorem [1, (3.8) ], is a special case of the general vanishing phenomenon for φ-invariant insertions established in Theorem 2.7 below.
A real symplectic manifold is a triple pX, ω, φq consisting of a symplectic manifold pX, ωq and an involution φ : X ÝÑ X such that φ˚ω "´ω. Examples include P 2n´1 with the standard Fubini- Study symplectic form ω 2n and the involutions (1.1) and (1.2), as well as pP 2n , ω 2n`1 q with the involution
which extends (1.1) to the even-dimensional projective spaces. If
and X n;a Ă P n´1 is a complete intersection of multi-degree a preserved by τ n , τ n;a " τ n | Xn;a is an anti-symplectic involution on X n;a with respect to the symplectic form ω n;a " ω n | Xn;a . Similarly, if X 2n;a Ă P 2n´1 is preserved by η 2n , η 2n;a " η 2n | X 2n;a is an anti-symplectic involution on X 2n;a with respect to the symplectic form ω 2n;a " ω 2n | X 2n;a .
Let pX, ω, φq be a real symplectic manifold. The fixed locus X φ of φ is a Lagrangian submanifold, which may be empty. Let
Similarly to [11, Section 1], we define
A real bundle pair pV,φq ÝÑ pX, φq consists of a complex vector bundle V ÝÑ X and a conjugationφ on V lifting φ, i.e. an involution restricting to an anti-complex linear homomorphism on each fiber. The fixed locus Vφ ÝÑ X φ is then a maximal totally real subbundle of V | X φ . Let
denote the equivariant second Stiefel-Whitney class of pV,φq; see [12, Section 2] .
We denote by J φ the space of ω-compatible almost structures J on X such that φ˚J "´J. For J P J φ , c " τ, η, and β P H 2 pXq φ , denote by M 0,k pX, βq φ,c the moduli space of c-equivalence classes of k-marked J-holomorphic pφ, cq-real maps in the homology class β. By [11, Theorem 6.6 ], a natural compactification 
this implies that pT X, dφq admits a spin sub-structure, as defined in [13, p49] . for a real line bundle pair pL,φq ÝÑ pX, φq, or π 1 pXq " 0 and w 2 pXq " 0; a fixed real square root determines a spin sub-structure on pT X, dφq.
The moduli space M 0,k pX, βq φ,c with c " τ, η has no boundary in the sense of Kuranishi structures if
Thus, it carries a virtual fundamental class if pO c q, with c as above, and (2.2) hold. This class is obtained by a suitable adaptation of the usual VFC constructions of [6, 24] , as in [27, Section 7] and [11, Remark 3.3] ; if pX, ωq is strongly semi-positive, taking a generic J P J φ suffices. Under the above assumptions, we define
for any µ 1 , . . . , µ k P H˚pXq. This number depends on the chosen orientation of the moduli space. If c " τ , we orient the moduli space via the pinching construction in the proofs of [10, Corollary 1.8] and [11, Theorem 6.6 ] from any spin structure on T X φ ' 2Eφ. If c " η, we orient the moduli space via the pinching construction of [5, Lemma 2.2] from any spin sub-structure on pT X, dφq; see [13, Corollary 5.10] . In either case, we use the same spin structure or sub-structure for all β. By Theorem 2.7 below, xµ 1 , . . . , µ k y φ,c β vanishes whenever µ i P H˚pXq φ for any i.
If pO τ q and pO η q are satisfied, but not necessarily (2.2), a glued moduli space
is orientable and has no boundary; see [5, Theorem 1.6] . Thus, we define
for any µ 1 , . . . , µ k P H˚pXq. The orientations on M 0,k pX, βq φ,τ and M 0,k pX, βq φ,η constructed as in the previous paragraph induce an orientation on M 0,k pX, βq φ after reversing the orientation on M 0,k pX, βq φ,η if the chosen spin structure on T X φ '2Eφ and spin sub-structure on pT X, dφq induce the same orientation on X φ ; see [5, Lemma 3.3] . By Theorem 2.7, xµ 1 , . . . , µ k y φ β vanishes whenever µ i P H˚pXq φ for any i.
Remark 2.1. By the real version of Quantum Lefschetz Hyperplane Theorem, as in [11, Proposition 7.5], the real genus 0 GW-invariants of pX n;a , τ n;a q and pX 2n;a , η 2n;a q, whenever they are defined, are equal to the real genus 0 GW-invariants of pP n´1 , τ n q and pP 2n´1 , η 2n q, respectively, twisted by the euler class of a vector bundle. If d or any a i is even, this bundle contains a subbundle of odd rank and thus these invariants vanish. The even-degree invariants of pP 2n´1 , τ 2n q also vanish, as shown in [5] using localization and in this paper using a completely different approach; see Corollary 2.5 below. More generally, physical considerations in [29] suggest that the real genus 0 GW-invariants vanish whenever (2.2) does not hold, but pO τ q and pO η q are satisfied, i.e. when the gluing of the two parts of the moduli space as in (2.4) is necessary.
Choose bases tγ i u iďℓ and tγ i u iďℓ for H˚pXq so that
where ∆ X Ă X 2 is the diagonal. If µ 1 , . . . , µ k P H˚pXq and I Ă t1, . . . , ku, let µ I denote a tuple with the entries µ i with i P I, in some order. Let 6) denote the (complex) genus 0 GW-invariants of X.
Theorem 2.2. Let pX, ω, φq be a compact real symplectic manifold,
for some k ě 2. If c " τ, η and pO c q and (2.2) are satisfied,
If pO τ q and pO η q are satisfied, but not necessarily (2.2), the above identity holds for the x. . .y φ invariants.
Corollary 2.3 (of Theorems 2.2, 2.7)
. Let pX, ω, φq be a compact real symplectic manifold such that every element of H 2˚p Xq φ is divisible by an element of H 2 pXq φ in H 2˚p Xq.
(1) If c " τ, η and pO c q is satisfied, all real genus 0 GW-invariants xµ 1 , . . . , µ k y φ,c β with β R Impdq and µ i P H 2˚p Xq are determined by the one-point GW-invariants xµy φ,c β with β R Impdq and µ P H 2˚p Xq φ and by complex GW-invariants of pX, ωq.
(2) If pO τ q and pO η q are satisfied, all real genus 0 GW-invariants xµ 1 , . . . , µ k y φ β with β P Impdq and µ i P H 2˚p Xq are determined by the one-point GW-invariants xµy φ β with β P Impdq and µ P H 2˚p Xq φ and by complex GW-invariants of pX, ωq.
If n " pdim Xq{2 is even, the real genus 0 GW-invariants with conjugate insertions only from H 2˚p Xq vanish for dimensional reasons; in these cases, Theorem 2.2 and Corollary 2.3 are thus inutile. Theorem 2.2 can be extended to odd-degree cohomology insertions at the cost of adding signs for each summand depending on the permutation of the odd-degree insertions; in particular, the formula of Theorem 2.2 is valid without any changes if there is only one odd-degree insertion, µ or µ i . Corollary 2.3 extends to odd-degree insertions as a reduction to invariants with at most one even-degree insertion which does not increase the number of odd insertions.
By the Lefschetz Theorem on Hyperplane Sections [17, p156] , the even cohomology groups of every odd-dimensional complete intersection X n;a Ă P n´1 are one-dimensional and thus generated by divisors. An η 2n -invariant complete intersection X 2n;a Ă P 2n´1 satisfies pO η q; there are no pη 2n , τ q-real maps into P 2n´1 . A τ n -invariant complete intersection X n;a Ă P n´1 satisfies pO τ q if
where |a| " a 1`. . .`a ℓ . If the first condition is satisfied in (2.7), pX n;a , τ n;a q satisfies pO η q. By the real version of Quantum Lefschetz Hyperplane Theorem, the real genus 0 GW-invariants of X n;a vanish if any a i is even; see Remark 2.1. If all a i are odd and X 2n;a Ă P 2n´1 is η 2n -invariant, the numbers a i come in pairs and the dimension of X 2n;a is odd.
Corollary 2.3 provides the strongest results for real Fano symplectic manifolds, i.e. real symplectic manifolds pX, ω, φq such that xc 1 pXq, βy ą 0 for all β P H 2 pXq φ´0 that can be represented by a J-holomorphic map for any J P J φ ; we denote the set of such classes β by H eff pXq φ . For a real Fano symplectic manifold pX, ω, φq, let c min pφq, cm in pφq P Zd enote the smallest and the second smallest of the numbers xc 1 pXq, βy with β P H eff pXq φ ; if the smallest value is achieved by two different classes β, then c min pφq " cm in pφq. Let c min pφq " min xc 1 pXq, βy : β P H eff pXq φ XImpdq´t0u
( .
For example, c min pφq ě pn´|a|q, cm in pφq,ĉ min pφq ě 2pn´|a|q, for any involution φ on pX n;a , ω n;a q. Let β min pφq P H eff pXq φ be such that
Corollary 2.4. Let pX, ω, φq be a compact real symplectic 2n-manifold such that every element of
(1) Ifĉ min pφq ą n`1 and pO τ q and pO η q are satisfied, then
pXq is generated by a single element µ˚, c " τ, η, and pO c q is satisfied, then the real genus 0 GW-invariants xµ 1 , . . . , µ k y φ,c β with β R Impdq are proportional to xµ˚y φ,c β min pφq with coefficients determined by the complex GW-invariants of pX, ωq.
Corollary 2.5. Let n P Z`, a " pa 1 , . . . , a ℓ q P Z`, and H P H 2 pX n;a q be the restriction of the hyperplane class.
for some i. If in addition 2|a|´ℓ ă 2n, then the real genus 0 GW-invariants xµ 1 , . . . , µ k y η 2n;a ,η d are proportional to xH 2n´1´p|a|`ℓq{2 y η 2n;a ,η 1 with coefficients determined by the complex GWinvariants of pX 2n;a , ω 2n;a q.
(2) If pn, aq satisfies (2.7) and X n;a Ă P n´1 is τ n -invariant, then xµ 1 , . . . , µ k y τn;a,c d " 0 if either c " η, d P 2Z, or a i P 2Z for some i. If in addition 2|a|´ℓ ă n, then the real genus 0 GW-invariants xµ 1 , . . . , µ k y τn;a,τ d are proportional to xH n´1´p|a|`ℓq{2 y τn;a,τ 1 with coefficients determined by the complex GW-invariants of pX n;a , ω n;a q.
For example, the genus 0 real GW-invariants xµ 1 , . . . , µ k y φ d of P 2n´1 with φ " τ 2n , η 2n are completely determined by and proportional to the number x2n´1y φ 1 of pτ 2n , τ q-or pη 2n , ηq-lines through a non-real point. This implies (1.6) up to a uniform sign. Corollary 2.5 extends (1.6) to complete intersections X 2n;a Ă P 2n´1 that are preserved by both τ 2n and η 2n and satisfy 2|a|´ℓ ă 2n, once their degree 1 invariants with a single insertion are shown to agree. The approach to (1.6) in [5] extends to X 2n;a Ă P 2n´1 without the degree restriction, but is generally limited to complete intersections in real symplectic manifolds with large torus actions.
Remark 2.6. The homomorphism (2.1) factors through a similar doubling homomorphism (O 1 τ ) X φ is orientable and there exist ̟ P H 2 pX; Z 2 q and κ P H 1 pX φ ; Z 2 q such that
The two requirements on p̟, κq imply that pX, X φ q admits a relatively spin sub-structure in the sense of [13, Definition 5.5] and that it can be chosen so that the pφ, τ q-moduli space is orientable, respectively. The relatively spin condition of [7, Theorem 8.1.1] is the κ " 0 case of the first requirement; pO τ q is effectively the κ " 0, ̟ " w 1 pEq 2 case of pO 1 τ q. Theorem 2.2 and its corollaries can be extended with the assumption pO τ q relaxed to pO 1 τ q. The key difference is that this would introduce the sign p´1q x̟,β 1 y over N β 1 ,β 2 as happens in [15] . This sign can be absorbed into the numbers (2.6) whenever (2.2) is satisfied, but this would result in a different dependence on the complex GW-invariants for the τ -and η-invariants. It can be absorbed into the numbers (2.3) with c " τ , similarly to (1.4), if φ˚̟ " ̟; this is the case for τ -relatively spin structures in the sense of [8, Definition 3.11] . We avoid such a sign modification in (2.3) by treating pP 2n´1 , τ 2n q as a special case of pO τ q.
The vanishing statement of [5, Theorem 1.8] for real genus 0 invariants with even-degree insertions extends to all settings when the invariants are defined and the unmarked real moduli space is orientable. By [14, Theorem 1.3] , real GW-invariants are defined in any genus under the assumptions in (2) of Theorem 2.7; it is expected that the condition on X φ can be weakened similarly to the conditions in (1). Theorem 2.7. Let pX, ω, φq be a compact real symplectic 2n-manifold, β P H 2 pXq φ´t 0u, and µ 1 , . . . , µ k P H˚pXq with µ i P H˚pXq φ for some i.
(1) Suppose c " τ, η, pO 1 τ q holds if c " τ , and pO η q holds if c " η. If (2.2) is satisfied, then xµ 1 , . . . , µ k y φ,c β " 0. If pO 1 τ q and pO η q are satisfied, but not necessarily (2.2), xµ 1 , . . . , µ k y φ β " 0.
(2) If c is an orientation-reversing involution on a compact orientable surface of genus g, n is odd, X φ " H, and Λ top C pT X, dφq admits a real square root, then real genus g GW-invariants x. . .y φ,c β of pX, ω, φq are defined and xµ 1 , . . . , µ k y φ,c β " 0.
Remark 2.8. For a strongly semi-positive real symplectic manifold pX, ω, φq, the real genus 0 GWinvariant through constraints µ 1 , . . . , µ k is of the same parity as the complex GW-invariant of the same degree through the constraints µ 1 , φ˚µ 1 , . . . , µ k , φ˚µ k . Thus, Theorem 2.7 implies that certain complex genus 0 GW-invariants are even. For example, the GW-invariants of P 2n´1 with even numbers of insertions of each codimension that include insertions of even codimensions are even. This is not the case for even-dimensional projective spaces (for which the degree 4d`1 unmarked real moduli spaces are not orientable; see [27, Proposition 5.1]). For example, the number of lines through two points in P n is 1 (these constraints are of even codimension if n is even).
Theorem 2.2 can be extended to the real GW-invariants with real marked points defined in [11] . These invariants are defined by intersecting with the pull-back of a homology class Γ from the corresponding Deligne-Mumford space of real curves by the forgetful map; see [11, Section 1] . Since the proof of Theorem 2.2 is essentially intersection theory, it readily fits with the definition of the invariants in [11] . The analogue of the right-hand side of the formula in Theorem 2.2 would then involve Kunneth-style splitting of Γ between the real and complex GW-invariants represented by the diagrams in Figures 2, 6 , and 7 and all splittings of t3, . . . , ku into three subsets I`, I´, J. It would no longer be possible to merge I`and I´into a single subset, as done in the proof of Theorem 2.2. For a related reason, Theorem 2.7 does not extend to GW-invariants with real marked points.
We prove Theorems 2.2 and 2.7 in Section 4 and give another proof of Theorem 2.2 in Section 6. the two proofs of Theorem 2.2 are outlined at the end of Section 1. Throughout Sections 4-6, the moduli spaces M 0,k pX, βq φ,c and their glued, constrained, and complex versions refer to regularizations of these spaces. If pX, ωq is strongly semi-positive, the latter are obtained by choosing a generic J P J φ . In general, they are obtained using a locally liftable multi-section, as in [24, 6, 27] , so that its restriction to each stratum represented by the diagrams in Figures 2, 6 , and 7 agrees with a product multi-section. Since all computational steps in this paper are essentially local (and can be carried out on uniformizing charts of a Kuranishi structure), they fit with any topological construction of the virtual fundamental class.
3 A homology relation for RM 0,3
In this section, we formulate and prove a codimension 2 relation on the Deligne-Mumford moduli space RM 0,3 of real genus 0 curves with 3 pairs of marked points; see Proposition 3.3. Its proof involves a detailed topological description of RM 0,3 .
For c " τ, η and k P Z`, denote by M c 0,k`1 the moduli space of c-real rational curves with k`1 conjugate pairs of marked points. As it is convenient to designate one of the pairs as principal, we index the pairs by the set t0, 1, . . . , ku and view 0 as the principal index. Thus, the main stratum of M c 0,k`1 is the quotient of `p z 0 , cpz 0 qq, pz 1 , cpz 1 qq, . . . , pz k , cpz k qq˘:
by the natural action of the subgroup PSL 
The latter consists of the curves with no irreducible component fixed by the involution; the strata of M τ 0,k`1 with two invariant bubbles attached at a real node are of codimension 1, but not a boundary for this space. Gluing along the common boundary, we obtain the moduli space
it is a p2k´1q-dimensional manifold without boundary. We will use RM 0,k`1 to refer to any one of these three moduli spaces and pz i , zīq to denote the i-th conjugate pair of marked points.
If c " τ, η, M c 0,2 is a compact connected one-dimensional manifold with boundary and is therefore an interval. It has a canonical orientation induced by requiring the boundary point corresponding to the two-component curve with the marked points z 0 and z 1 on the same component to be the initial point of the interval. An explicit orientation-preserving isomorphism is given by the cross-ratio
where
with z 0 " 0, the above element of M 
(1) For every i " 0, 1, . . . , k, the automorphism of RM 0,k`1 interchanging the marked points in the i-th conjugate pair is orientation-reversing.
(2) For all i, j " 0, 1, . . . , k, the automorphism of RM 0,k`1 interchanging the i-th and j-th conjugate pairs of marked points is orientation-preserving.
Proof.
(1) For i " 0, 1, this automorphism interchanges the two boundary points of M c 0,2 with c " τ, η. Thus, it is orientation-reversing on the base of the forgetful morphism
for every k ě 1. Since this automorphism takes a general fiber of (3.2) to another general fiber in an orientation-preserving way, it is orientation-reversing on RM 0,k`1 . For i ě 2, the automorphism of RM 0,k`1 interchanging the marked points in the i-th conjugate pair takes a general fiber of (3.2) to itself in an orientation-reversing way. Thus, it is again orientation-reversing on RM 0,k`1 .
(2) If i, j ď 1 or i, j ě 2, the automorphism of RM 0,k`1 interchanging i-th and j-th conjugate pairs of marked points takes a general fiber of (3.2) to itself in an orientation-preserving way and so is orientation-preserving on RM 0,k`1 . Thus, it remains to consider the case i " 1 and j " 2. Since the corresponding automorphism of RM 0,k`1 , with k ě 2, takes a general fiber of the forgetful morphism RM 0,k`1 ÝÑ RM 0,3 to itself in an orientation-preserving way, it is sufficient to check that it is orientation-preserving for k " 2. The latter is the case if and only if the forgetful morphisms
induce the same orientation on RM 0,3 .
It is enough to check that f 1 and f 2 induce the same orientation on the tangent space at a threecomponent curve C with z 1 and z 2 on the same bubble component C C , i.e. as in the first diagram in Figure 2 , but with the label 0 interchanged with 2 and the label0 interchanged with2. The restrictions of f 1 and f 2 to the space Γ of such curves are the same and take Γ isomorphically onto RM 0,2 ; thus, f 1 and f 2 induce the same orientations on T C Γ. The vertical tangent bundles of f 1 and f 2 along C are canonically isomorphic to the normal bundle of Γ in RM 0,3 . The orientation of the fiber of the vertical tangent bundle of f 1 at C given by varying z 2 is the complex orientation of the tangent node of the real component C R of C at the node separating C R from C C . The same is the case for the orientation of the vertical tangent bundle of f 2 at C given by varying z 1 . Thus, the orientations of the normal bundle of Γ in RM 0,3 with respect to the orientations induced by f 1 and f 2 are the same. This implies that the orientations induced by f 1 and f 2 on RM 0,3 are the same as well.
For i " 1, 2, let Γ i Ă RM 0,3 denote the closure of the subsetΓ i consisting of the three-component real curves pC, cq such that the marked point z i lies on the same component as the marked point z 0 . Let Γī Ă RM 0,3 denote the closure of the subsetΓī consisting of the three-component real curves pC, cq such that the marked point zī " cpz i q lies on the same component as the marked point z 0 . The stability condition implies that such a three-component curve has (R) a component C R preserved by c and containing the conjugate pair pz 3´i , cpz 3´iof marked points and a conjugate pair pz R , cpz Rof nodes, and (C) a pair of conjugate components, with the component C C containing the marked point z 0 also carrying the marked point z i in the case of Γ i and zī in the case of Γī; see Figures 3-5. We will take z R P C R to be the node identified with a point z C P C C . Thus, there are canonical isomorphisms
where the superscript´indicates that one of the marked points (the one corresponding to zī) is decorated with the minus sign. Following the principle introduced in [11] , we define the canonical orientation of M0 ,3 to be the opposite of the canonical (complex) orientation of M 0,3 and then use (3.4) to orient Γ i and Γī. Thus, the orientation on Γ i is the same as the one induced by the natural isomorphism Γ i « RM 0,2 , while the orientation on Γī is the opposite of the one induced by the natural isomorphism Γī « RM 0,2 . The canonical orientation of RM 0,2 is defined above, but this choice of the orientation does not affect the validity of Lemma 3.2 or Proposition 3.3. Whenever RM 0,3 " M c 0,3 for a specific c " τ, η, R, we will write Γ c , where˚" i,ī with i " 1, 2, for Γ˚.
be the universal tangent line bundles at the marked points z R and z C , respectively, and
where π 1 , π 2 are the component projection maps.
(1) For i " 1, 2, the automorphism of RM 0,3 interchanging the marked points in the i-th conjugate pair restricts to an orientation-reversing isomorphism from Γ i to Γī and canonically lifts to a C-linear isomorphism from L Γ i to L Γī .
(2) The automorphism of RM 0,3 interchanging the 1st and 2nd conjugate pairs of marked points restricts to an orientation-preserving isomorphism from Γ 1 to Γ 2 and canonically lifts to a
(3) For i " 1, 2, the oriented normal bundle ofΓ "Γ i ,Γī in RM 0,3 is isomorphic to L Γ with its canonical complex orientation.
Proof. (1,2) It is immediate that the automorphism in (1) interchanges Γ i and Γī and the automorphism in (2) interchanges Γ 1 and Γ 2 . These restrictions respect the component moduli spaces in (3.4) and induce the identity on the first component (the second component is a point). Given our choice of orientations, the domain and target orientations of the automorphism in (1) are opposite, while the domain and target orientations of the automorphism in (2) are the same. This implies the first parts of the first two statements in the lemma. Since these automorphisms respect the component moduli spaces in (3.4), they canonically lift to all universal tangent line bundles for these moduli spaces and thus to L Γ i . They act by the identity on the tangent spaces at z R and z C and thus C-linearly on L Γ . 
The vertical tangent bundle of f 1 alongΓ 2 is canonically isomorphic to the normal bundle of Γ 2 in RM 0,3 , this implies the last statement of the lemma in theΓ "Γ 2 case. The remaining three cases follow from this case, the first two statements of the lemma, and the k " 2 case of Lemma 3.1. Since BΓ i and BΓī are contained in BRM 0,3 , only the second statement of this proposition remains to be established. Below all homology groups are with Q coefficients. The relation (3.5) in fact holds over Z; though we do not need this stronger statement, we give two separate reasons for it in Remarks 3.4 and 3.5.
Proof for M η 0,3 . The boundary of M η 0,3 has four components, which we denote by S 12 , S 12 , S1 2 , and S12, which contain the two-component curves with the points tz 1 , z 2 u, tz 1 , z2u, tz1, z 2 u, and tz1, z2u, respectively, on the same component as the base point z 0 ; each of them is isomorphic to S 2 . The forgetful morphism
is a singular fibration; see Figure 3 . The fiber over every interior point is a sphere with four special points corresponding to the strata where z 2 collides with z 0 , z0, z 1 , or z1. The fiber over the boundary point 0 P I consists of the spheres S 12 and S 12 joined together by the interval Γ η 1 defined above. The fiber over the boundary point 8 P I consists of the spheres S1 2 and S12 joined together by the interval Γ connect the boundary spheres in the two fibers: S 12 with S1 2 and S 12 with S12, respectively. 
.
Connecting the points of these loops on each of the four spheres by paths as before, we obtain the loops Γ η Ă M η 0,3 and Γ τ Ă M τ 0,3 as in the η, τ cases above so that
By the η, τ cases above, rΓ η s and rΓ τ s are zero in H 1 pM η 0,3 q and H 1 pM τ 0,3 q, respectively.
Remark 3.4. The same argument can be used to obtain 3-term relations in H 1 pRM 0,3 , BRM 0,3 q by going diagonally in Figures 3-5 . While these relations are nominally stronger than (3.5), we do not see any applications for them at this point and they have a less appealing appearance than (3.5).
On the other hand, they can be used to conclude that (3.5) holds over Z as follows. Let α denote a nontrivial loop in the fiber F 1 in the proof of the τ case of Proposition 3.3. The loops formed by the upper left and lower right triangles equal to ε l α and ε r α in homology, for some ε l , ε r P t0, 1u. Pulling back the loops to M τ 0,3 pP 2 , 1q by (4.1), evaluating on 3 conjugate pairs of lines over Z 2 , and using Proposition 4.2, we find that each of the three segments in each of the triangles contributes 1 P Z 2 (the number of real lines through a non-real point) to the total count for the triangle. Thus, ε l , ε r " 1 (the preimage of the loop α in fact corresponds to the number of real lines through 2 real points in P 2 ). This implies that the loop Γ τ
, which is the sum of the two triangular loops, is contractible. Thus, (3.5) holds over Z. Remark 3.5. A local model for (3.7) near the intersection point of an S 2 and S 1 in the same fiber is given by RˆC ÝÑ R, pt, zq ÝÑ t|z| 2 .
(3.8)
Local models for (3.7) around S 2 " C\t8u and S 1 " R\t8u are given by
The remaining singular fiber of (3.7) is obtained by blowing up a point of another compact orientable
The latter contains 4 copies of S 2 and admits 2 nonequivalent fibrations | M R 0,3 ÝÑ S 1 with generic fiber S 2 and two singular fibers, each consisting of two of the spheres joined by a circle, and with local models given by (3.8) and (3.9). The manifold | M R 0,3 can be obtained by contracting the second copy of RP 2 described in the proof of the τ case of Proposition 3.3; the loop Γ τ 
Proof of Theorem 2.2
The relation on RM 0,3 of Proposition 3.3 induces relations between counts of real maps from nodal domains into a real symplectic manifold pX, ω, φq; see Corollary 4.1. Proposition 4.2, which is proved in Section 5, expresses these counts in terms of real GW-invariants and a decorated version of complex GW-invariants via the Kunneth splitting of the diagonal ∆ X in X 2 . Proposition 4.3, which is also proved in Section 5, relates the decorated invariants to the usual complex GW-invariants. We conclude this section by deducing Theorem 2.2 from Corollary 4.1 and Propositions 4.2 and 4.3.
Let pX, ω, φq be a compact real symplectic 2n-manifold, β P H 2 pXq φ , and k P Z with k ě 2. Let
be the forgetful morphisms keeping the first three conjugate pairs of marked points only (i.e. those indexed by 0,1,2). If c " τ, η and pO c q and (2.2) in Section 2 are satisfied, we set
If pO τ q and pO η q are satisfied, but not (2.2), we set
In all cases, we index the conjugate pairs of marked points of elements of RM k`1 pβq by the set t0, 1, . . . , ku. For any relative cycle Γ in pRM 0,3 , BRM 0,3 q and µ 0 , . . . , µ k P H˚pXq, we define
This number counts degree β real morphisms into pX, φq from domains that stabilize to elements of Γ after dropping the conjugate pairs labeled by the set t3, . . . , ku. From Proposition 3.3, we immediately obtain the following corollary.
Corollary 4.1 (of Proposition 3.3). Let pX, ω, φq be a compact real symplectic manifold, β P H 2 pXq φ , and µ 0 , . . . , µ k P H˚pXq for some k ě 2. If c " τ, η and the conditions pO c q and (2.2) in Section 2 are satisfied, then Figures 3 and 4 . If the conditions pO τ q and pO η q are satisfied, but not necessarily (2.2), then (4.3) holds with c " R.
We next express the numbers appearing in Corollary 4.1 in terms of complex and real GWinvariants. Let pX, ω, φq be a compact real symplectic 2n-manifold, β P H 2 pXq φ , and k P Z ě0 . We denote by
the moduli space of stable genus 0 degree β maps with marked points indexed by the set t0, 1, . . . , ku. This setup is motivated by the introduction of sign decorations for disk maps in [11] . The next two propositions are established in Section 5. As before, if µ 1 , . . . , µ k P H˚pXq and I Ă t1, . . . , ku, let µ I denote a tuple with the entries µ i with i P I, in some order.
Proposition 4.2. Let pX, ω, φq be a compact real symplectic manifold,
be the relative cycles in pRM 0,3 , BRM 0,3 q defined in Section 3 and represented by the diagrams in Figure 2 , and tγ i u iďℓ and tγ i u iďℓ be dual bases for H˚pXq. If c " τ, η and the conditions pO c q and (2.2) in Section 2 are satisfied, then
for all j " 1, 2, k ě 2, and µ 0 , . . . , µ k P H 2˚p Xq. The same identity also holds with pΓ j , µ 0 µ j , j P I`q replaced by pΓj,´µ 0 φ˚µ j , j P I´q. If the conditions pO τ q and pO η q are satisfied, but not necessarily (2.2), then the four identities hold with Γ c " Γ R and x. . .y φ,c " x. . .y φ . 
for all decompositions I`\J\I´" t1, . . . , ku and for all four terms in (4.3); see Proposition 4.3. If c " τ, η and the conditions pO c q and (2.2) are satisfied, Proposition 4.2 thus reduces the left-hand side of (4.3) to
nd the right-hand side of (4.3) to
Setting the two expressions equal, we obtain the formula in Theorem 2.2. If the conditions pO τ q and pO η q are satisfied, but not necessarily (2.2), the same argument applies with x. . .y φ,c replaced by x. . .y φ .
Orientations and signs
In this section, we analyze and compare orientations of various moduli spaces of complex and real maps. We use these comparisons to establish Proposition 4.3, Theorem 2.7, and Proposition 4.2.
Proof of Proposition 4.3. For each cycle h : Y ÝÑ X representing the Poincare dual of an element of H˚pXq φ , let εphq "˘1, respectively. Define an involution Θ I :
φpxq, if i P I.
We can assume that the cohomology degrees of µ 0 , µ 1 , . . . , µ k satisfy
where 2n " dim X. Choose a generic collection of representatives h i : Y i ÝÑ X for the Poincare duals of µ 0 , . . . , µ k , respectively. The Poincare dual of φ˚µ i is then represented by the cycle
with´Y i denoting Y i with the opposite orientation. Let
We denote by Y I the modification of Y with the i-th factor replaced by εph i qȲ i and by
the modification of xhy with the i-th factor map replaced by h i whenever i P I. Thus, xhy I " Θ I˝x hy.
We set
As sets, these two objects are the same. For a generic tuple h, the restriction of the total evaluation map (4.4) to every stratum of M k`1 pβq is transverse to xhy in X k`1 and thus M h pβq is a finite collection of weighted points contained in the main stratum of the moduli space. Since h and h I represent the Poincare duals of µ 0ˆ. . .ˆµ k , the weighted cardinalities of M h pβq and M 
where ∆ X k`1 Ă X k`1ˆX k`1 is the diagonal. By the chain rule, We next recall how the main stratum M φ,c k`1 pβq of the moduli space M k`1 pX, βq φ,c with c " τ, η is oriented if the condition pO c q in Section 2 is satisfied. We begin with the case k "´1. 0 pβq is the space of parametrized pφ, cq-real degree β J-holomorphic maps P 1 ÝÑ X and G c Ă PSL 2 C is the subgroup of automorphisms of P 1 commuting with c. The latter is oriented by the short exact sequence 0
where C " T 0 C corresponds to shifting the origin and S 1 Ă G c is the subgroup of standard rotations of C, which we identify with S 1 Ă C˚. The (virtual) tangent space of P The order of the factors on the right-hand side above is motivated by the choice of the orientation on M c 0,2 in Section 3. For k ě 0, M k`1 pX, βq φ,c is oriented using the first element in each conjugate pair pz i , zīq to orient the general fibers of the forgetful morphism
obtained by forgetting the k pairs of conjugate marked points.
In this paper, we use a different natural construction of orientation on M k`1 pX, βq φ,c in the stable range, i.e. k ě 1; in Lemma 5.1, we show that the two orientations coincide. It is obtained using the forgetful morphism
and the orientation on M c 0,k`1 defined in Section 3. For a general rus P M k`1 pX, βq φ,c in this case, the domain Σ u of u with its marked points is stable and thus C " rΣ u s is the image of rus in M c 0,k`1 . The (virtual) vertical tangent bundle of f at such rus is the index of D c u . The orientation of M k`1 pX, βq φ,c is then specified by
with ind D c u oriented as in the previous paragraph.
Lemma 5.1. Let c " τ, η, pX, ω, φq be a compact real symplectic manifold satisfying the condition pO c q in Section 2, k P Z ě0 , and β P H 2 pXq φ .
(1) For every i " 0, 1, . . . , k, the automorphism of M 0,k`1 pβq φ,c interchanging the marked points in the i-th conjugate pair is orientation-reversing.
(2) For all i, j " 0, 1, . . . , k, the automorphism of M 0,k`1 pβq φ,c interchanging the i-th and j-th conjugate pairs of marked points is orientation-preserving.
(3) If k ě 1, the two orientations on M 0,k`1 pβq φ,c described above are the same.
If the conditions pO τ q and pO η q are satisfied, the three statements also apply with M 0,k`1 pβq φ,c replaced by M 0,k`1 pβq φ .
Proof. (1,2) Both automorphisms take a fiber of (5.3) to the same fiber. The restriction of the automorphism in (1) to a fiber of (5.3) is orientation-reversing, while the restriction of the automorphism in (2) to a fiber of (5.3) is orientation-preserving. This implies the first two statements of the lemma.
(3) Let u be an element of M 0,k`1 pβq φ,c at a point u with smooth domain Σ u and u 0 be its image of rus under (5.3). The first orientation of M 0,k`1 pβq φ,c described above satisfies
The orientation of M c 0,k`1 chosen in Section 3 at a smooth curve C " rpx 0 , x0q, . . . , px k , xkqs is described by
Thus, the second orientation of M 0,k`1 pβq φ,c described above satisfies
Thus, the two orientations of T rus M 0,k`1 pβq φ,c are the same.
If c is an orientation-reversing involution on a compact orientable surface Σ of genus g and pX, ω, φq is a compact real symplectic 2n-manifold such that n is odd, X φ " H, and Λ top C pT X, dφq admits a real square root, then the moduli spaces M g,k`1 pX, βq φ,c are oriented via the analogue of the morphism (5.3). Thus, the first two statements of Lemma 5.1 also hold if M 0,k`1 pX, βq φ,c is replaced by M g,k`1 pX, βq φ,c .
Proof of Theorem 2.7. We denote by RM g,k pβq the appropriate moduli space of real morphisms, as determined by the case of Theorem 2.7 under consideration. We can assume that the cohomology degrees of µ 1 , . . . , µ k satisfy
Choose h i : Y i ÝÑ X as in the proof of Proposition 4.3 and define xhy, xhy I , RM h pβq, and RM I h pβq, for any subset I Ă t1, . . . , ku, as before, but starting with the moduli space RM g,k pβq in the last two cases. By exactly the same argument as in the proof of Proposition 4.3, the weighted cardinalities of RM I h pβq and RM h pβq differ by the sign p´1q ε I pµq .
If µ i˚P H˚pXq φ , we apply the above conclusion with I " ti˚u. The weighted cardinalities of RM I h pβq and RM h pβq are then opposite. Interchanging the points in the i˚-th conjugate pair induces an orientation-preserving isomorphism from RM I h pβq to RM h 1 pβq, where h 1 is the tuple obtained by replacing h i˚w ith
this cycle represents the Poincare dual of φ˚µ i˚" µ i˚. Thus, the weighted cardinalities of RM h pβq and RM h 1 pβq are opposite. Since both of them are equal to the real invariant xµ 1 , . . . , µ k y φ β in question, the latter vanishes.
In the remainder of this section, we establish Proposition 4.2. The key point in its proof is that all orientations are chosen compatibly; in particular, the oriented normal bundle of Γ˚in RM 0,3 and the oriented normal bundle of its preimage in RM k`1 pβq are given by the complex line bundle of smoothings of the node on the bubble containing z 0 . We proceed with the notation and assumptions as in the statement of Proposition 4.2. We will also use the same notation for the uncompactified moduli spaces (maps only from smooth domains) as we have introduced for the compactified moduli spaces.
For β P H 2 pXq φ , denote by N β Ă RM k`1 pβq the sub-orbifold of maps from domains consisting of precisely three components with one invariant bubble and two conjugate bubbles with the marked point z 0 on one of the conjugate bubbles. For u P N β , denote by u C the restriction of u to the component containing z 0 and by z C the marked point corresponding to the node on this component; denote by u R the restriction of u to the invariant component and by z R the marked point on this component corresponding to the same node as z C . If β " dpβ 1 q`β 2 and t1, . . . , ku " I`\J \I´, let N β 1 ,β 2 ;I`,J,I´Ă N β be the subspace of the maps u so that the degrees of u C and u R are β 1 and β 2 , respectively, and the rest of the marked points carried by the component containing z 0 are the first elements in the pairs of conjugate points indexed by I`and the second elements in the pairs indexed by I´. If The restrictions u C and u R determine an isomorphism 6) with the marked points of the elements of M I| I`|`|I´|`2 pβ 1 q indexed by 0, the elements of I`\I´, and the superscript C; under either of the conditions (5.5), one of the moduli spaces on the righthand side of (5.6) is empty for stability reasons. The inverse map is obtained by identifying the marked point z C of the domain of u C with the marked point z R of the domain of u R and the marked point cpz C q of the map φ˝u C˝c with cpz R q; the marked points of u C indexed by I`become the first points in the corresponding pair of the nodal map, while those indexed by I´become the second. As in Section 4, M I| I`|`|I´|`2 pβ 1 q is oriented by twisting the canonical complex orientation of M |I`|`|I´|`2 pβ 1 q by p´1q |I´| . The canonical orientation of X and the chosen orientations of M I| I`|`|I´|`2 pβ 1 q and RM |J|`1 pβ 2 q induce an orientation on each component of N β via the isomorphism (5.5).
Let L C ÝÑ M I| I`|`|I´|`2 pβ 1 q and L R ÝÑ RM |J|`1 pβ 2 q be the universal tangent line bundles at the marked points z C and z R , respectively, and
where π 1 , π 2 are the component projection maps. The line bundle L ÝÑ N β is the normal bundle of N β in RM k`1 pβq. There is a gluing map
where U Ă L is a neighborhood of the zero set in L; it is obtained via a pφ, cq-equivariant version of a standard gluing construction, such as in [24, Section 3] .
If k ě 2 and |JXt1, 2u| " 1, N β 1 ,β 2 ;I`,J,I´i s a topological component of the pre-image ofΓ under the forgetful morphism Rf 012 in (4.1) for some Γ " Γ i , Γī, with i " 1, 2. In this case, the restriction of L to N β 1 ,β 2 ;I`,J,I´e quals Rf0 12 L Γ , where L Γ ÝÑ Γ is the complex line bundle defined in Section 3.
The gluing map Φ in (5.7) can be chosen so that its restriction to each such component N β 1 ,β 2 ;I`,J,Iĺ ifts any pre-specified gluing map on L Γ;h over Rf 012 .
Lemma 5.2. If k ě 2 and |J Xt1, 2u| " 1, the restriction of the gluing map (5.7) to a neighborhood of N β 1 ,β 2 ;I`,J,I´i n L is orientation-preserving with respect to the complex orientation on L and the orientation on the base described above.
Proof. This follows readily from the definitions of the three orientations above; we follow the second construction, which is described just before Lemma 5.1. Let Γ be as in the preceding paragraph.
If k " 2, Φ can be chosen so that there is a commutative diagram
with the bottom arrow being some gluing map on a neighborhood ofΓ in L Γ . By Lemma 3.2, Φ Γ is orientation-preserving. Since all domains are stable in this case, the vertical tangent spaces of the vertical arrows in the diagram are oriented by orienting the indices of the linearizedB-operators; see [12, Section 6] .
The index for the complex moduli space has a canonical orientation; see [25, p51] . The indices for the two real moduli spaces are oriented from either the same trivialization of T X φ ' 2Eφ over a loop in X φ or from the same trivialization of pT X, dφq over a Z 2 -invariant loop in X by pinching off "most" of the relevant vector bundle onto a conjugate pair of sphere bubbles, as in the proofs of [11, Theorem 6.6] and in [12, Theorem 1.1] ; the index over the first of these bubbles, B, has a canonical complex orientation. Thus, the index of an element of N β 1 ,β 2 ;I`,J,I´i s oriented by introducing an extra pinching in B as compared to what is used to orient nearby real maps from P 1 . This pinching, which is given by the inverse of Φ, induces the same canonical orientation over B. Thus, the orientation of the index for a map from P 1 is equivalent to the orientation obtained from the orientation of an element of N β by smoothing the node.
If k ě 3, Φ can be chosen so that there is a commutative diagram
with the vertical arrows being forgetful maps again. Since the fibers of the right arrow are oriented by the first points in each conjugate pair and the orientation of the fibers of the left arrow is based on the number of conjugate pairs with the second point carried by u C , Lemma 3.1 implies that Φ is again orientation-preserving between the fibers and thus between the spaces on the first line of (5.8).
Remark 5.3. The assumption that k ě 2 and |J Xt1, 2u| " 1 in Lemma 5.2 is not necessary, but it simplifies the argument. The general case is not needed for our purposes.
Proof of Proposition 4.2. We can assume that the cohomology degrees of µ 0 , . . . , µ k satisfy
where 2n " dim X. Choose a generic collection of representatives h i : Y i ÝÑ X for the Poincare duals of µ 0 , . . . , µ k , respectively, and define
If β " dpβ 1 q`β 2 and t1, . . . , ku " I`\J \I´, let
If the representatives h i for µ i are generic, each set N β 1 ,β 2 ;I`,J,I´p hq is a compact zero-dimensional suborbifold of the oriented orbifold N β 1 ,β 2 ;I`,J,I´a nd thus has a well-defined weighted cardinality. The latter is computed by the usual Kunneth decomposition, with respect to the specified orientations of M I| I`|`|I´|`2 pβ 1 q and RM |J|`1 pβ 2 q; this gives the last sum in (4.5) if β 1 , β 2 ‰ H, but without the restriction γ i P H 2˚p Xq φ . Since µ i P H 2˚p Xq for all i, the complex GW-invariant in (4.5) with γ i P H 2˚´1 pXq vanishes for dimensional reasons; the real GW-invariant in (4.5) with γ i P H˚pXq φ vanishes by Theorem 2.7. If β 1 " 0 and |I`\I´| ě 2 or β 2 " 0 and |J| ě 1, N β 1 ,β 2 ;I`,J,I´p hq " H; otherwise, the marked points on u C (in the first case) or on u R (in the second case) could vary while staying inside of the zero-dimensional N β 1 ,β 2 ;I`,J,I´p hq. The case β 1 " 0 and |I`\ I´| " 1 reduces as usual to an invariant like the first term on the right-hand side of (4.5); as described below, there is only one decomposition t1, . . . , ku " I`\J \I´with |I`\I´| " 1 relevant to each of the four cases of Proposition 4.2.
For any Γ Ă RM 0,3 , define
For j " 1, 2 and generically chosen constraints h i ,
N β 1 ,β 2 ;I`,J,I´p hq; (5.11) this decomposition corresponds to the first two sums in (4.5) and the first term on the right-hand side of (4.5). It also holds with pΓ j , j P I`q replaced by pΓj, j P I´q.
As in complex GW-theory, a small modification of the gluing map (5.7) gives rise to a gluing map
where U Γ;h Ă L Γ;h is a neighborhood of the zero section in L Γ;h (a finite collection of disks in this case). Such a modification can be chosen to be of the form Φ Γ;h pu, υq " Φ`ψpu, υq, υ˘@ pu, υq P U Γ;h , for some smooth function ψ on U Γ;h sending pu, 0q to u. Thus, the induced map
between the normal bundle of Z Γ in RM h pβq and of Γ in RM 0,3 is the identity. Since Φ Γ;h is orientation-preserving by Lemma 5.2, it follows that every weighted element of Z Γ contributes`1 to the number (4.2). By the last two paragraphs, the weighted cardinality of Z Γ is given by the right-hand side of (4.5).
6 Alternative proof of Theorem 2.2
In this section, we give a proof of Theorem 2.2 (in effect of a combination of Corollary 4.1 and Proposition 4.2) which bypasses the real Deligne-Mumford moduli space RM 0,3 of Section 3. We instead pull back the standard relation on M 0,4 by the forgetful morphism
preserving the marked points z 0 , z 1 , z 2 , cpz 0 q only (and stabilizing the domain if necessary).
As in Section 4, we either fix c " τ, η and assume that the conditions pO c q and (2.2) in Section 2 are satisfied or assume that the conditions pO τ q and pO η q, but not necessarily (2.2), are satisfied. In both cases, we continue with the abbreviations for moduli spaces of maps introduced in Section 4 (before Corollary 4.1 for the R-spaces and before Proposition 4.2 for the C-spaces). We can again assume that (5.9) holds and choose generic representative h i : Y i ÝÑ X for the Poincare duals of µ 0 " µ, µ 1 , . . . , µ k .
Let Ω 0,4 P H 2 pM 0,4 q be the Poincare dual of the point class and
For any λ P M 0,4 , define
This subset is a compact oriented 0-dimensional suborbifold, i.e. a finite set of weighted points, if λ is generic. The number (6.2) is the weighted cardinality of this set,˘|Z λ |. Figure 6 : Domains of elements of Z r1,1s
We prove Theorem 2.2 by explicitly describing the elements of Z r1,1s and Z r1,0s , with notation as in Figure 1 , and determining their contribution to the number (6.2). The domain Σ u of each element rus of Z r1,1s and Z r1,0s consists of at least two irreducible components. If (2.2) holds, Σ u has an odd number of irreducible components; the involution c u associated with u restricts to c on one of the components and interchanges the others in pairs. For dimensional reasons, the number of irreducible components of Σ u cannot be greater than 3 and thus must be either 2 or 3. Each map u with its marked points is completely determined by its restriction u R to the component Σ R u of Σ u preserved by c u (if the number of irreducible components is odd) and its restriction u C to either of the other components.
We depict all possibilities for the elements of Z r1,1s and Z r1,0s in Figures 6 and 7 , respectively. In each of the first three diagrams in these figures, the vertical line represents the irreducible component Σ R u of Σ u preserved by c u , while the two horizontal lines represent the components of Σ u interchanged by c u ; in the last diagram in each figure, the two lines represent the components of Σ u interchanged by c u . The homology classes next to the lines specify the degrees of u on the corresponding components. The larger dots on the three lines indicate the locations of the marked points 0, 1, 2; we label them by the constraints they map to, i.e. µ, µ 1 , µ 2 , in order to make the connection with the expression in Theorem 2.2 more apparent. If a marked point i lies on the bottom component, its conjugate lies on the top component. In such a case, we indicate the conjugate point by a small dot on the upper component and label it withμ i ; the restriction of u to the upper component maps this point to the image of φ˝h i . By the definition of Z r1,1s , each diagram in Figure 6 contains a node separating the marked points 0, 1 (i.e. the larger dots labeled by µ, µ 1 ) from the marked points 2,0 (i.e. dots labeled by µ 2 ,μ). Similarly, each diagram in Figure 7 contains a node separating the marked points 0, 2 from the marked points 1,0. We arrange the diagrams in both cases so that the pair of marked points containing 0 lies above the other pair. The remaining marked points, 3, . . . , k, are distributed between the components in some way. In the case of the first three diagrams in each figure, such a distribution is described by a partition of t1, . . . , ku into subsets I`, J, I´of marked points on the top, middle, and bottom components, respectively.
Each element u of Z r1,1s and Z r1,0s described by the first three diagrams in Figures 6 and 7 , respectively, is an element of the subspace
defined in (5.10) for some β 1 , β 2 and I`, J, I´with β " dpβ 1 q`β 2 and t1, . . . , ku " I`\J \I´. An element u of the first space in (6.3) has a well-defined nonzero weight wpuq with respect to the orientation of N β 1 ,β 2 ;I`,J,I´d escribed below (5.6). The sum of these weights over all elements u Figure 7 : Domains of elements of Z r1,0s
represented by a fixed diagram with fixed pβ 1 , β 2 q and pI`, J, I´q is the weighted cardinality of N β 1 ,β 2 ;I`,J,I´p hq computed via the usual Kunneth decomposition; see the first paragraph in the proof of Proposition 4.2. As an isolated element of Z r1,1s or Z r1,0s , u has a well-defined contribution εpuqwpuq to the number (6.2), i.e. the signed number of nearby elements of Z λ , with λ P M 0,4 close to r1, 1s or r1, 0s. By Lemma 6.1 below, εpuq " 1 for all elements u represented by the first diagrams in Figures 6 and 7 , εpuq "´1 for the second diagrams in these figures, and εpuq " 0 for the third diagrams. Even if the contributions from the third diagrams were nonzero, they would have been the same for Z r1,1s and Z r1,0s by symmetry and so would have had no effect on the recursion of Theorem 2.2. The reason behind Lemma 6.1 is that the oriented normal bundle of N β 1 ,β 2 ;I`,J,Ií nside RM k`1 pβq is given by the complex line bundle of smoothings of the top node in the first three diagrams, which is conjugate to the complex line bundle of smoothings of the bottom node, while the complex tangent bundle of r1, 1s or r1, 0s in M 0,4 corresponds to the smoothings of the node separating tz 0 , z 1 u from tz 2 , z0u in the case of r1, 1s and tz 0 , z 2 u from tz 1 , z0u in the case of r1, 0s.
The remaining elements of Z r1,1s and Z r1,0s , i.e. those described by the last diagrams in Figures 6  and 7 , respectively, form one-dimensional subspaces Z 1 r1,1s Ă Z r1,1s and Z 1 r1,0s Ă Z r1,0s ; these diagrams appear only if (2.2) is not satisfied. By Lemma 6.2 below, no topological component of Z 1 r1,1s or Z 1 r1,0s contributes to the number (6.2).
Lemma 6.1. Suppose u P Z r1,1s and the domain of u contains an irreducible component Σ R u fixed by the involution c u .
(1) If Σ R u contains the marked point 2, εpuq " 1.
(2) If Σ R u contains the marked point 1, εpuq "´1.
(3) If Σ R u contains neither of the marked points 1, 2, εpuq " 0.
The same statements with 1 and 2 interchanged hold for u P Z r1,0s .
Proof. Let L h ÝÑ Z r1,1s´Z 1 r1,1s , Z r1,0s´Z 1 r1,0s be the restriction of the line bundle π1 L defined in (5.12). As in complex GW-theory, a small modification of the gluing map (5.7) gives rise to a gluing map
where U h Ă L h is a neighborhood of the zero section in L h , which lifts any pre-specified family of smoothings of the domain. Over the subsets N β 1 ,β 2 ;I`,J,I´p hq corresponding to the first two diagrams in Figures 6 and 7 , Φ h is orientation-preserving by Lemma 5.2. The differential
is the composition of the differential for smoothing the nodes in M k`2 pβq,
where L 1 is the analogue of L for the second node, with the embedding
The restriction of the latter differential to the component, L or L 1 , corresponding to the node separating off two of the marked points t0, 1, 2,0u is a C-linear isomorphism, while the restriction to the other component is trivial. Over the subsets N β 1 ,β 2 ;I`,J,I´p hq corresponding to the first diagrams in Figures 6 and 7 , the former component is L and (6.4) is an orientation-preserving map. Over the subsets N β 1 ,β 2 ;I`,J,I´p hq corresponding to the second diagrams in Figures 6 and 7 , the former component is L 1 and (6.4) is an orientation-reversing map. This establishes the first two statements of Lemma 6.1.
Near the spaces N β 1 ,β 2 ;I`,J,I´c orresponding to the second-to-last diagrams in Figures 6 and 7 , the morphism
for some a dependent only on N β 1 ,β 2 ;I`,J,I´. Thus, the restriction of f 0120 to RM h pβq is locally of the form
The image of this maps is one-dimensional, which implies the third claim of Lemma 6.1.
Lemma 6.2. The contribution of every topological component of Z 1 r1,1s and Z 1 r1,0s to the number (6.2) is 0.
Proof. If pX, ωq is strongly semi-positive, each topological component C of Z 1 r1,1s and Z 1 r1,0s is a circle. In general, C is obtained by gluing several circles along some intervals as specified by branching of the multi-section s used to regularize the moduli space. Along C, s can be represented by several single-valued sections obtained by gluing together local representatives as in [6, Section 3] . Each such section determines disjoint circles in Z 1 r1,1s or Z 1 r1,0s . For the purposes of studying the nearby elements of Z λ that lie in the zero set of each of these sections, it is sufficient to assume that each topological component C of Z 1 r1,1s and Z 1 r1,0s is the circle S 1 .
There is a gluing map Φ : Cˆp´δ, δq ÝÑ ď λPM 0,4 Z λ (6.5) for δ P R`sufficiently small, which restricts to the identity along Cˆt0u; it is obtained via a pφ, cq-equivariant version of a standard gluing construction, such as in [24, Section 3] , with c " τ, η.
In particular, we can normalize the elements of C by setting the marked point z 0 " 0 and the node to 8 on one of the components of the domain and setting z 2 " 1, z0 " 8, and the node to 0 on the other component. For each t P R˚sufficiently small, we can define a marked pregluing map u t : P 1 ÝÑ X with the same values at the marked points as u and with the cross-ratio f 0120 given by λ " f 0120 pu t q " t z 1 puq P C˚Ă M 0,4 in some chart on M 0,4 . This map can then be deformed to an elementũ t of Z λ , with the same λ P M 0,4 . Since C consists of two-bubble maps (no additional bubbling), the gluing construction can be carried out on the entire space C in this case.
LetR`" R ě0 andR´" R ď0 . The restriction of f 0120˝Φ to Cˆpp´δ, δqXR˘q is the composition of the maps Cˆpp´δ, δqXR˘q ÝÑ z P C : |z| ă δ ( , pe iθ , tq ÝÑ |t|e iθ , z P C : |z| ă δ ( ÝÑ C, re iθ ÝÑ˘rz 1`e iθ˘.
The two maps, forR`andR´, described by the first line above have opposite local degrees, while the two maps described by the second map have the same local degrees. Thus, the local degree of the map f 0120˝Φ : Cˆp´δ, δq ÝÑ C, pu, tq ÝÑ f 0120`Φ pu, tq˘" t z 1 puq, is zero. This implies the claim.
Proof of Theorem 2.2. We compute the number (6.2) by adding up the contributions from the elements represented by the diagrams in Figure 6 . We then compute it from the diagrams in Figure 7 and compare the two expressions for the number (6.2).
By Lemmas 6.1 and 6.2, only the first two diagrams in Figure 6 and 7 contribute. By the Kunneth decomposition, as in the first part of the proof of Proposition 4.2, and by Proposition 4.3, the signed cardinality of N β 1 ,β 2 ;I`,J,I´p hq is given byˇˇN β 1 ,β 2 ;I`,J,I´p hqˇˇ" By Lemma 6.1(1), the contribution to the number (6.2) from the first diagram in Figure 6 equals the sum of (6.6) over all admissible pβ 1 , β 2 q and pI, Jq with 1 P I and 2 P J and all partitions of I´t1u into two subsets I`and I´. By Lemma 6.1 (2) , the contribution to the number (6.2) from the second diagram in Figure 6 equals the negative of the sum of (6.6) over all admissible pβ 1 , β 2 q and pI, Jq with 2 P I and 1 P J and all partitions of I´t2u into two subsets I`and I´. " 0 if c 1`c2`2 i ‰ 4n. Since the linear span of general P 2n´1´pc 1´1 q and P 2n´1´c 2 , with 1 ď c 1 , c 2 ď 2n´1 and c 1`c2 ą 2n, in P 2n´1 is a P 4n´c 1´c2 , it intersects a general P 2n´1´p4n´c 1´c2 q in a single point. This point lies on the unique line passing through linear subspaces of P 2n´1 of codimensions c 1 , c 2 , 2i whenever c 1`c2`2 i " 4n. from the base case N C 1 " 1 (the number of lines through 2 points in P 3 ). By [26, Theorem 10.4] ,
(7.1) By (7.1),Ñ C 1 , N C 3 " 1 and r N C 3 " 5. Modulo 4, the summands in (7.1) with d 2 even vanish (by Corollary 1.4, N C d 2 P 2Z if d 2 P 2Z). Thus, by the inductive assumption only the summands with d 1 " 2, 4 may be nonzero in either sum in (7.1) with d ě 5 odd. These two summands contribute d´2 and d´3, respectively, i.e. 1 together, to the first sum. They contribute d´1 and 0, respectively, i.e. again 1 together with the term dN C d , to the second sum.
For d P 2Z`, (7.1) and the inductive assumptions give respectively, where˚is the quantum product. If in addition xc 1 pT Xq, βy P 2Z for all β P H 2 pXq that can be represented by J-holomorphic spheres for a generic J P J , then R φ µ´˚µ`" R φ`µ´˚µ`˘@ µ´PQH˚pXq φ , µ`PQH˚pXq φ ; this can be seen by an argument similar to the proof of Proposition 4.3.
We conclude with some counts of real curves in P 3 , P 5 , and P 7 ; see Tables 1 and 2 . These numbers are consistent with basic algebro-geometric considerations [17, p177] .
(1) Every degree 1 curve lies in a P 1 , every non-real point p in P 2n´1 determines a real P 1 Ă P 2n´1 , and a real line passing through p lies in this P 1 . Thus, N R 1 , x5 1 3 0 y 1 should equal 1, at least in the absolute value.
(2) Every degree 3 curve lies in a P 3 , every two general non-real points p 1 and p 2 in P 2n´1 determine a real P 3 Ă P 2n´1 , for n ě 2, and a real degree 3 curve passing through p 1 and p 2 lies in this P 3 . Thus, a real degree 3 curve in P 5 passing through two general points p 1 and p 2 and a general
